Code Ast b
(0] e_ ster default
Titre : Intégration des comportements de Drucker-Prager DRJ...] Date : 24/06/2011 Page : 1/35
Responsable : Roméo FERNANDES Clé : R7.01.16 Révision : 6514

Integration of elastoplastic mechanical behaviours
of Drucker-Prager, associated (DRUCK PRAGER)
and non-aligned (DRUCK_PRAG N A) and Résumeé

postprocessings:

This document describes the principles of several developments concerning the elastoplastic constitutive law of
Drucker-Prager in associated version (DRUCK PRAGER) and non-aligned (DRUCK PRAG N A) .

One is interested initially in integration itself of the model then, this model being lenitive, with an indicator of
localization of Rice and finally with the sensitivity analysis by direct differentiation for this model.
For the integration of the model, one uses an implicit scheme.
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1 Introduction

the model of Drucker-Prager makes it possible to modelize in an elementary way the elastoplastic
behavior of the concrete or certain grounds. Compared to the plasticity of Von-Bet with isotropic
hardening, the difference lies in the presence of aterm in Tr (o) the formulation of the threshold and
of a non-zero spherical component of the tensor of the plastic strains.

In Code_Aster, the model exists in the associated version (DRUCK PRAGER) and non-aligned
(DRUCK_PRAG N A), more adapted for certain grounds because it makes it possible to better take
into account dilatancy.

This note gathers the theoretical aspects several developments carried out in the code around this
model: its integration according to an implicit scheme in time, an indicator of localization of Rice and
the sensitivity analysis by direct differentiation. The isotropic material is supposed. The indicator of
Rice and the sensitivity analysis do not function under the assumption of the plane stresses.

The theory and the developments were made for two types of function of hardening: linear and
parabolic, this function being in all the cases constant beyond of a cumulated plastic strain “ultimate”.

2 Integration of the constitutive law of Drucker-Prager
21 Notations

Les forced mechanical are counted positive in tension, the positive strains in extension.

u displacements of the deviative skeleton of u ., u ,u,
1 T

&= 5( Vu+V ”) components tensor of the linearized

Ti . .
e=&— r3(£) 1 strains of the strains
e =Trle| traces strains: variation of Tensor

v

e? volume of the plastic strains,
e’ =Tr (Ep) plastic variation of volume.
e? deviator of the plastic strains
p cumulated plastic strain
o Tenseur of the stresses

Vidt .
s=0— r3( | 1 deviator of the stresses

3 Equivalent stress of Von Mises
O™ Es s
1,=Tr (g-) traces stresses
Eo Modulus Young
v, Poisson's ratio
@ Friction angle
c initial
‘llo Angle Cohesion of dilatancy

K o
One poses 2 u= and K=——"—
P T, 3[1-2v,)
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2.2 Formulation in version associated

2.21 Expression with the behavior
o is the tensor of the stresses, which depends only on & and its history. One considers the criterion
of the Drilicker-Prager type:
Flo,pl=0,+A4l,—R(p)<0 (2.2.1-1)

where A4 is a given coefficient and R is a function of the cumulated plastic strain p (function of
hardening), of type linear or parabolic:

* linear hardening

R(p):UY+hp If pe[oﬁpu/ﬂn]
R(p):O-Y_{_h'pu/rm p>pultm

Les coefficients 7, p,,, and O, are given.

(2.2.1-2)
* parabolic hardening
_ Oviim\ p 2 it pelo ]
R(p)—O‘Y(l—(l— _)—) it p > Puitm
Oy P uitm
R(p):O-Y I p>pullm
Les coefficients 0y,;,, » Pum @nd O are given.
(2.2.1-3)

Notice 1:
One can be given instead of A and O, the binding fraction ¢ and the friction angle ¢ :

_ 2sing
_3—sin(p
__b6ccosp

3 _ging

Notice 2:
One chose in this document to privilege the variable p . The cumulated plastic strain of

shears yp = p\/3/2 also is very much used in soil mechanics.

By considering an associated version one supposes that the potential of dissipation follows the
same statement as that of the surface of load F' . Yielding is summarized then with:

der=qr2Flo.p (2.2.1-4)
oo

with:
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daA=0 ; FdAa=0 ; F<0 (2.2.1-5)

The model of normality compared to generalized force R gives the equality between the increment
of cumulated plastic strain and the increment of the multiplier A :

dF|o, p|

=dA 2.2.1-6
R ( )

dp=—dA

2.2.2 Analytical resolution of the mechanical formulation

One is placed in this chapter in the frame of finished increase. The integration of the model follows a
pure implicit scheme, and the resolution is analytical. The finished increment of strain A& known and
is provided by the iteration of total Newton. One uses by convention the following notations: an index -
to indicate a component at the beginning of pitch of loading, any index for a component at the end of
the pitch of loading, and the operator A to indicate the increase in a component. The equations
translating the elastic behavior are written then:

s=s+2u(Ae—Ae’)=s"—2uAe’ (2.2.2-1)

1,=1+3K(Ae,—Ae?)=11-3K A& (2.2.2-2)

the equations (2.2.1-4) and (2.2.1-6), taking into account (2.2.1-1), give:

Agl=A ag%mﬂ —Ap|2 S tar (2.2.2-3)
p oo oo p 2 O, o
From where:
3 s
AeP==——-A -
e’=5-—A4ar (2.2.2-5)

eq

If the increment A e? is non-zero, the increment of cumulated plastic strain can be also written:

Ap:\/éA e’ Ae? (2.2.2-6)

By combining the equations (2.2.2-1) and (2.2.2-5) one finds:

3uA
s(1+2H2 =g (2.2.2-7)
T o
from where:
_ e
O'eq+3 u-Ap= Oy (2.2.2-8)

what leads to:
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o
s—L=¢¢ (2.2.2-9)
o

By respectively combining the equations (2.2.2-7) and (2.2.2-8), and the equations (2.2.2-2) and
(2.2.2-4), one obtains:

s=s°

13 Ay

e

{

o (2.2.2-10)

lllzl‘l"—9KAAp

By reinjecting the equation on /, and the relation Ueqzaiq—?) pu-A p in the formulation of the
threshold, one obtains the scalar equationin A p :

ol + A=A p(3u+9KA’)—R(p +Ap)=0 (2.2.2-11)

It is supposed that: F(o—e’p_)>0 )
To continue the resolution, one must now distinguish several cases:

1) Case where p_>pultm
Onea: R(p+Ap)=R(p’)
the scalar equation thus becomes: F(o-e, p’)—A p(3p+ 9 KA’ |=0
One finds:

e F(Ue,p—) (2.2.2-12)
3u+9 KA?

2) Case where p'<p .
2a) Hardening linear
Onea: R(p+Ap)=R(p)+hAp

the scalar equation thus becomes: F(o-e, p_)—A p(3u+9KAz+hJ:O

One finds:
:F("—’pz) (2.2.2-13)
3u+9 KA +h

2b) Hardening parabolic

While expressing in the same way R( p + A p) accordingto R(p”) and of Ap, one
finds that the scalar equation is written:

F(Ge,p7)+BAp+GAp2=0

Warning : The translation process used on this website is a "Machine Translation". It may be imprecise and inaccurate in whole or in part
and is provided as a convenience.

Licensed under the terms of the GNU FDL (http://www.gnu.org/copyleft/fdl.htmi)



CO d e_A S te r Version

default
Titre : Intégration des comportements de Drucker-Prager DRJ...] Date : 24/06/2011 Page : 7/35
Responsable : Roméo FERNANDES Clé : R7.01.16 Révision : 6514
with:
2
G:_O-zY 1— O-Yultm
pultm O-Y
B:_3IJ_9KAZ+20-Y 1— O Yultm 1— 1_\/0Yultm p_
ultm o Y o Y pultm
The only positive root of the polynomial is:
[— — 2 — . e -
Ap= B—B-4G-Flo*, p | (2.2.2-14)

2G

2c) Verification finale: Case where (p'+Ap)>puhm

Dans the two preceding cases, once A p computed, it should be checked that
p+Ap=<p,. -Ifthisinequality is not satisfied, one has then:

R(p+Ap)=R(p,m

The scalar equation thus becomes:

F|0®, pym|—A pl3u+9KA%|=0

Ap_ F(Ue’pultm

= (2.2.2-15)
3u+9 KA’

The principle of the analytical resolution presented above is equivalent to determine the point (Il ) S)

like the projection of the point (If,se) on the criterion (prediction plastic elastic-correction). This

method thus comes from the flow model approximated on a finished increment, and can be
represented by the following graph:

O‘w

(17, 0%)

/

Surface critére — cone de
Drucker-Prager Sommet du céne

/

===
I,
Figure 2.2.2-1: projection on the criterion.
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3) Projection at the top of the cone

the integration of the model on a finished At increment can be intricate when the stress state is close
to the top of the cone (see Figure 2.2.2-1), because of the nonsmooth character of surface criterion.
There are then two cases:

e case of a pure hydrostatic state,

e case of projection in an not-acceptable field.

In the typical case of a pure hydrostatic state, the derivative of the von Mises stress O compared to

o is not defined. The flow model (2.2.2-3) is undetermined (there is indeed a cone of possible norms
to the criterion), and the equations (2.2.2-5), (2.2.2-7), (2.2.2-8), (2.2.2-9) cannot be written. There
remains the definition of A p on the trail of stresses (equation 2.2.2-4). As in the more general case,
one must distinguish several cases:

1) Casewhere p'>p,, : R(p+Ap)=R(p)
The scalar equation with 0, =0 becomes : AI{—A p-9KA’=F (0°, p)—A p-9KA*=0

One finds:
(2.2.2-16)
I
Ap=
P=9ka
2) Case where p'<p, .
2a) Hardening linear
Onea: R(p'+Ap)=R(p)+hAp
the scalar equation with O'eq:() becomes:
A= Ap-9KA—R(p)+hA p=F(c*, p)—Ap-9KA =0
One finds then:
Al
Ap=———- 2.2.2-17
P9 kA +h ( )

2b) Hardening parabolic

While expressing R(p + A p) according to R(p’) and of Ap, one still finds the
solution (2.2.2-14):

with the value of B modified compared to the preceding case:
P uitm UY UY Puitm

2c) Verification finale: Case where (p'+Ap)>puhm

Dans the cases 2a) and 2b), if the inequality p"+A p<p , is not satisfied, one a:
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R(p+Ap)=R(p,,)

the increment A p is given by the equation (2.2.2-16).

Because of the incremental resolution, it may be that the found solution is not acceptable, with
O <0 . That can arrive when the stress state at time ¢ is close to the top of the cone.

One then chooses to project the stress state found by elastic prediction on the top of the cone, that is
to say to refer to a purely hydrostatic stress state. One makes a check out a posteriori admissibility of

the solution (11 , S) , and one makes possibly the correction.
In the details:

i)
i

ii)

One brings up to date the stress state by the means of the equations (2.2.2-12), (2.2.2-13),
(2.2.2-14), (2.2.2-15).

One controls that the solution |/,,s| found either acceptable, or that T, <0 where, in an

equivalent way, that 7, or inside surface criterion:
R
I < (»)
A
If this condition is not checked, one imposes the checking of the criterion with UquO (top of

the cone): 11:¥ =>A-1,—R(p)=F(o,R)=0

One renews then the solution with the equations (2.2.2-16), (2.2.2-17), (2.2.2-14).
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2.2.3 Computation of the tangent operator

2.2.3.1 total Calcul of the tangent operator

One seeks with compute the coherent matrix: 6—0— ﬁ-i- lI ® -

de 0d& 3 O&
By deriving the system of equations (2.2-7), one obtains:

Os ase( u 3u e 00, 3u [s*®0Ap
—==—(1-3—F.Ap |+ T Ap.|s®—|——.
0g O¢ o (\0; oe o, oe
ol, 01, 0Ap
—=—-9K4
0oe O€ O&
6q2.2.3-1
Statement of a_se
k3
sy , 1
0 H 5ip5jq_§5ij'5pq
P4
Statement of — |
oe
o1
8_:3K 6
€pq
Computation of Gaeq
oe
aagq:3_llse
6qu qu e
Computation of (M_p
oe
0Ap 1 3u .
=—— - +3A4K6
aqu T Ap) O.iqsf"l Pq
with:
—(3 u+9KAz) danslecas p +A p=p = (&crouissage linéaire ou parabolique)
T{Apl= —(3 u+9KAZ+h) danslecas p +Ap<p, = (écrouissage linéaire)
B+2GAp danslecasp  +Ap<p = (écrouissage parabolique)
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2.2.3.2

2.3

Warning :

where B and G have the same statement as in the paragraph [§2.2].

Statement supplements

sef- 2 NERALY Lo s 2 o2 oy

PHoe "ot i

initial Calcul of the tangent operator

I

eq

— . For that one will seek with compute the tangent operator by a

One seeks has to express

oe
. .00
computation of velocity: —— .
0&
oF OF -
On the basis of the statement: F= —t—p= =0 it is shown that:
oo op
. 3u 34K . OR
= s.e+ g,
p o, D D with D=3u+9 K4’ +6p

.Pr - OF
Des statements: G:H(S— ép) and g = pg it is shown then that:

oo
—=H-
O&

0Ap
£

3u +3AKI)

O'eq

who is not other than the form of the coherent matrix of the total system of the preceding paragraph
where Ap=0 .

Formulation in non-aligned version

the non-aligned version of the model Drucker-Prager introduced into Code_Aster does not have as a
claim to modelize a realistic physical behavior finely. The goal is to represent most simply possible
physics (coarsely) realistic, in particular in the case of the soil mechanics for which the angle of
dilatancy varies with the plastic strain.

The plastic potential is thus different from the surface of load in this new formulation. Numerical
integration was introduced only for the statement of behaviour with parabolic hardening.

The plastic potential is the following: G(G, p)=0'6q+ﬁ(p)11

where ﬁ(p) is a function which decrease linearly with the evolution of the plastic strain according to
the relation

ﬂ(l/fo)( _L) si pe [Oapuh
ﬁ(p': P

0 st p>p,,
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2sin|y®
where U¥ indicates the initial angle of dilatancy and By°)= v )0

3—sin|y )

Yielding is written now

0Glo, p

00y

knowing that one always has the criterion defining the surface of load:
Flo,pl=o,+A4l,—R(p)=<0

deif:dp

2.3.1 Analytical resolution

the method of resolution being similar to that of chapter 2.2.2 one points out below only the statements
of the new Cas

3 S

Ael = =L

€y 20 Ap
eq

deh = 3plplap

O-eq

1,=1{-9KB(p|4p

_ e 4p
sl.j—sl.j(l—3u7

2.3.1.1 equations where p >p .

ApZM
3u
2.3.1.2 Caswhere p <p .

Dans this case Ap is solution of a polynomial equation of the second order of which the roots will
depend on the increment of strain and the data characterizing the parameters materials. The
polynomial in question is the following

Flo®, p|+C" Ap+C? Ap*=0

where F(ge,p‘)>0 , and the two constants C' and (C? are defined by

0 o
C'=-3u-9KAP(p- e % Yult YultE
( ) pult% Hpult OY E
y)

_ 0)’ _ oYult E +9AKB(
D Oy P

the root Ap is then characterized according to the following code:
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A (S T
2C?

1/so C? <( then Ap =

)2
2/if C?2 >0 and F(ce,p—) > (C ) then there is no solution. A recutting of the time step is possible
4C?

if the request were made in command STAT NON LINE.

12
3/ if C2>0 and F(Ge,p—)<(c ) C'! <( then the polynomial admits two solutions. One
4C?

¢t -\l 4o I
2C?

chooses smallest positive of them. Ap =

1)2
4/if C? >0 and F(ce,p‘) <u C'! >( then there is no solution. A recutting of the time step is
4C>
possible if the request were made in command STAT NON_LINE.

2.3.2 Computation of the tangent operator

the formulation is modified very little compared to the associated case: equations 2.2.3-1 become:

0s _0s° 3u 3u g 9o, | 3u [ .o04p
o= |1 Ap |+ Ap | @O | == s @
de Oe ae, (0;) 83 o, Oe
ol, 616 ok ﬂ_ﬁ(ﬁ”o)zﬂp 0 4p
o 0¢ » Oe
2.3.21 Statement of —L
€pq

—2/.155 o; E

ip9jg ~% 95%pq
aqu
2.3.2.2 Statement of ol
3.2 atement o
O,
ole
! =3K5pq
agpq
do¢
2.3.2.3 Computation of
agpq
aO':q _ 3# .
e o¢ S
rq eq
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: o4p
2.3.2.4 Computation of
agl”i
04p_ 1 .3—fs;q+3AK5pq
ﬁepq T(4p) e
with:
—3u sip +4p=p,,
Tl4p|=
C'+2C* 4p sip +Ap<p,,
where C! and (C? are constants defined in paragraph 2.3.
2.3.2.5 Statement supplements
ol
@:@4_1.1 ®_1
oe oOg 3 oe
ds _0s° 3u 3u e 000, | 3u 0 Ap
—= 1—=———.4p |+ Ap . |sf R —L|—— [s* —
oe O¢ o'ep ezpsas gesas
eq O-eq eq
o1, oI B 4p |0 4p
—=—L_9K|B-
0g Og Do oe
00.. 05 ol 0o’ s¢ 0
— = 1—3“ Ap|.—2 +l Ly +—“ 3 s5.Ap _’_% —3pi—3KB(p)5..+3KMAp§..
Oe € O¢ 30¢._ 7 Oe 27y O¢ € U U
pq Oy Pq Pq ri\|og, Pq Oy ult
2.4 Intern variables of the Drucker-Prager models associated and

nonassociated

Ces models comprise 3 intern variables:

* V1 is the cumulated plastic deviatoric strain p
* 2 is the cumulated plastic voluminal strain Z A EI;
* /3 is the indicator of state (1if A p>0 , 0in the contrary case).

Warning : The translation process used on this website is a "Machine Translation". It may be imprecise and inaccurate in whole or in part

and is provided as a convenience.

Licensed under the terms of the GNU FDL (http://www.gnu.org/copyleft/fdl.htmi)




Code Aster detault

Titre : Intégration des comportements de Drucker-Prager DRJ...] Date : 24/06/2011 Page : 15/35
Responsable : Roméo FERNANDES Clé : R7.01.16 Révision : 6514

3

Indicator of localization of Rice for the model Drucker-
Prager

3.1

3.2
3.21

One defines the indicator of localization of the criterion of Rice in the frame of the Drucker-Prager
constitutive law. But the definition of an indicator of localization perhaps used, a more general way, in
studies in fracture mechanics, damage mechanics, theory of the bifurcation, soil mechanics and rock
mechanics (and overall in the frame of the materials with lenitive constitutive law).

This definite indicator a state from which the evolution of the studied mechanical system (equations, of
equilibrium, constitutive law) can lose its character of unicity. This theory allows, in other words:

1 the computation of the possible state of initiation of the localization which is perceived like
the limit of validity of computations by conventional finite elements;
2 “qualitative” determination of the orientation angles of the areas of localization.

The criterion of localization constitutes a limit of reliability of computations by “conventional” finite
elements.

The various ways of studying the Dans

localization the frame of the studies undertaken in soil mechanics, one noted a strong dependence of
the numerical solution according to the discretization by finite elements. He appears a concentration of
high values of the plastic strains cumulated on the level of the finite elements and one notes that this
“area of localization” changes brutally with the refinement of the mesh. This phenomenon of localization
is source of numerical problems and generates problems of convergences within the meaning of the
finite elements.

The localization can be interpreted like an unstable, precursory phenomenon of mechanism of fracture,
characterizing certain types of materials requested in the inelastic field. To study instabilities related to
the localization one distinguishes, on the one hand, the classes of materials with behavior depend on
time and on the other hand, those not depending on time. For the materials with behavior independent
of time, the approach commonly used is the method called by bifurcation (it is with this method that one
is interested in this note). It consists in analyzing the losses of unicity of the problem out of velocities.
For the materials with behavior depend on time, the unicity of the problem out of velocities is often
guaranteed and this does not prevent the observation of instabilities at the time of their strain. For these
materials, one must then have recourse to other approaches. Most usually used is the approach by
disturbance. This approach will not be treated in this note, but for more information to consult the notes
[bib1], [bib2].

Rudnicki and Rice [bib3] showed that the study of the localization of the strains in rock mechanics fits in
the frame of the theory of the bifurcation. The aforementioned is based on the concept of unstable
equilibrium. Rice [bib4] considers that the bifurcation point marks the end of the stable mode. The
beginning of the localization is associated with a rheological instability of the system and this instability
corresponds locally to the loss of ellipticity of the equations which control the continuous incremental
equilibrium out of velocities. Rice thus proposes a criterion known as of “bifurcation by localization”
which makes it possible to detect the state from which, the solution of the mathematical equations which
control the problem in extreme cases considered and the evolution of the studied mechanical system
(equations, of equilibrium, constitutive law) lose their character of unicity. This theory allows the
computation of the state of initiation of the localization which is perceived like the limit of validity of
computations by conventional finite elements.

Theoretical approach
Ecriture of the problem of velocity

One considers a structure occupying, at one time ¢, the open one (2 of R .The problem of velocity
consists in finding the field rates of travel v when the structure is subjected at the speeds of volume
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3.2.2

3.2.3

forces fd , the rates of travel imposed v, on part 51 () of the border and at the speeds of surface

forces [, on the complementary part 82.(2 .
In the local writing of the problem, the field rates of travel v must thus check the problem:

1 v sufficient regular and v=v, on 0, {2
2 Les balance equations: )
div[L:g(v)|+f,=0 on Q
L:e(v).n=F, on 0,0
n being the outbound unit norm with 0,2 .

*Compatibility conditions (one limits oneself here to the small disturbances):
1
s(v):E{Vw(vv)T]

where the operator [ is defined in a general way for the constitutive laws written in incremental form
by the relation:

6=L(g,V):¢
with:
E si F<0 ou F=0 etb’g’*’so
L= _
= E_(E'a)i(b‘E) si F=0 etb'hl,;:'.8>0

where ¢ is the stress, ¢ the total deflection, V a set of intern variables and F' surface threshold of
plasticity. The statements of ¢, b, £ and H depend on the formulation of the constitutive law.

Results of existence and unicity, Perte of Nous

ellipticity let us give in this chapter some results without demonstrations. The reference for these
demonstrations however is specified.

A sufficient condition of existence and unicity of the preceding problem is: G : € >0 . This inequality can
be interpreted like a definition, in the three-dimensional case, of not-softening. The demonstration is
made by Hill [bib5] for the standard materials and by Benallal [bib1] for the materials not-standards.

The loss of ellipticity corresponds to the time for which the operator N.H.N becomes singular for a
direction N in a point of structure. This condition is equivalent to the condition: det(N.H.N):O t
is the condition of “bifurcation continues™ within the meaning of Rice also called acoustic tensor. Rice
and Rudnicki [bib3] show that this condition of loss of ellipticity of the local problem velocity is a
requirement with the “continuous or discontinuous” bifurcation? for solid. The boundary conditions do not
play any part, only the constitutive law defines the conditions of localization (threshold of localization
and directional sense of the surface of localization.

The continuous bifurcations thus provide the lower limit of the range of strain for which the
discontinuous bifurcations can occur.

Analytical resolution for the case 2d.

1 a continuous bifurcation, a plastic strain occurs inside and outside the area of localization and one has the
same constitutive law inside and outside the tape.

2 adiscontinuous bifurcation, one has on both sides of the tape a continuity of displacement but there is not
the same behavior. An elastic discharge occurs with external of the area of localization, while a loading and
an elastoplastic strain continue occur inside.
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One poses N =(N,,N,,0) with le +N§ =1

A4, A, 0
One has then: N.H.N= A4, A,, 0| where Ortiz [bib6] shows that:
0 0 C

C=NiH 33+ N3 H 3, >0
A =NTH  +N Ny (H o+ H oy ) +N3 H1212
Ap=NiH y,+ N Ny (H ppy+Hoppy)
A12:N?H1112+N1Nz(H1122+H1212)+N H 5,
Ay =NTH )+ N Noy(H yy+ Hopy )+ NI H 5

It is thus enough to study the sign of det(4) as specified by Doghri [bib7]:
det(4)=a,N{+a,NiN,+a,NINi+a;N Ni+a,N;
with:
o=H y H o= Hyy Hypyy
al_Hllll(H1222+H2212)_H1112H2211_H1122H1211
2 =H y H oyt H oy Hypy t H oy H oy = H 1y H oy = H 1y H oy = H oy H oy
a3_H2222(H1112+H1211)_anszzlz_lezszzn

a,=H ), Hppy—H 5y Hppy

One poses then N,=cosf and N,=sinf with 66]—%; +=]. Two cases then are

r
2
distinguished:

*s0 6’=+§ then det(A4)=0 if a,=0 ;

*S0 0¢+% then det(4)=0 so f(x)=a,x*+a;x’+a,x*+a,x+a,=0 with

x=tan@ .
3.2.4 Computation of the Pour

roots to solve a polynomial of degree N (like that definite above, where n=4) one proposes to use the
method known as “Companion Matrix Polynomial”. The principle of this method consists in seeking the
eigenvalues of the matrix (of Hessenberg type) of order N associated with the polynomial. If the

polynomial is considered P(x)=x"+an71x”_1+...+akxk+...+a1x+a0 . To seek the roots of
this polynomial amounts seeking the eigenvalues of the matrix:

M 0 0 0 0 =—a, [
4 0000 -ar
0 1 0 0 O C
%0100—%%
@ o0 0 1 0 C
O] C
M 0 0 0 1 —a F

Warning : The translation process used on this website is a "Machine Translation". It may be imprecise and inaccurate in whole or in part
and is provided as a convenience.

Licensed under the terms of the GNU FDL (http://www.gnu.org/copyleft/fdl.htmi)



Code Ast b
(0] e_ ster default
Titre : Intégration des comportements de Drucker-Prager DRJ...] Date : 24/06/2011 Page : 18/35
Responsable : Roméo FERNANDES Clé : R7.01.16 Révision : 6514

This indicator is calculated by option INDL ELGA of CALC ELEM [U4.81.03]. It produces in each point
of integration 5 components: the first is the indicator of localization being worth 0 if det(N.H.N)> 0

(not localization), and being worth 1 if not, which corresponds has a possibility of localization. The other
components provide the directions of localization.
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4

Sensitivity analyses

4.1
411

the analysis of sensitivity relates only to the version associated with the formulation described with
chapter 2.2.

Sensitivity to the material characteristics

the direct problem

Nous we place in this part in the frame of the resolution of nonlinear computations.
In Code_Aster, any nonlinear static computation is solved incrémentalement. It thus requires with each
pitch of load Z LI{1, 7} the resolution of the nonlinear system of equations:

i éq
Bu,= uj’
4111
with
(R(u;, ;) =] ,0(u;):e(w,)dQ éq
4.1.1-2
* W, is the shape function of k "™ *" degree of freedom of modelized structure,
« (R(uy,1,)) is the vector of the nodal forces.
The resolution of this system is done by the method of Newton-Raphson:
[(K!du/" +B'd3)"" = L,-R(u/,t,)+B'A’
[ éq4.1.1-3

0  Bdu™ -Bu/,

OR .
where K?Z— is the tangent matrix with the pitch of load z and the iteration of Newton 77 .

ou |(”;'1’ti)

The solution is thus given by:

N

— n

pT gty du;
n=0

|
|

N
hea+ 3 SN
n=0
éq4.1.1-4

with V , the iteration count of Newton which was necessary to reach convergence.

4.1.2 Derivative computation

4.1.2.1 Préliminaires

Warning : The translation process used on this website is a "Machine Translation". It may be imprecise and inaccurate in whole or in part
and is provided as a convenience.

Licensed under the terms of the GNU FDL (http://www.gnu.org/copyleft/fdl.htmi)



Code Aster dotault

Titre : Intégration des comportements de Drucker-Prager DRJ...] Date : 24/06/2011 Page : 20/35
Responsable : Roméo FERNANDES Clé : R7.01.16 Révision : 6514

41.2.2

Dans the frame of the sensitivity analysis, it is necessary to insist on the dependences of a quantity
compared to the others. We thus will clarify that the results of preceding computation depend on a
given @ parameter (elastic limit, Young modulus, density,...) and that in the following way:

u=u(P) A,=A(P).

But that is not sufficient. Also we place ourselves in the frame of an incremental computation with
constitutive law of the Drucker-Prager type. If one considers the interdependences of the parameters
on an algorithmic level, one can write:

R=R(6;_(®), p;,_|(D), 4u(D))

6,=6,_,(®)+46(0, (D), p, (D), 4u(D), D)

pi=pi(®)+dp(e;_((D), p_ (D), du(P), D)
Where Au is the displacement increment with convergence with the pitch of load 7 .

Let us specify the meaning of the notations which we will use for derivatives:

X
oY indicate explicit partial derivative from X report with Y ,
* X ,, indicates the total variation from X report with Y .

Derivative of the equilibrium

Compte tenu des previous comments, let us express the total variation of [éq 2.1-1] compared to & :

EB£+6_R u’¢+a_R Eﬁi_l,q,"'a—R @i—l’qs-kBt)“i’CD = 0
(PP OJAu Jo,_, op,_, éq4.1.2.2 -1
H BAu,,, = —Bu_,

OR
Remarquons that here 8—d5:0 : R does not depend explicitly on ¢ but implicitly as we will see it

in detail in the continuation.

That is to say:

KYAu,,+B'A,,, = -R,
® ® Pt (@) 6q4.1.2.2 -2
BAu, = —Bu,_
Ou
. KT is the last tangent matrix used to reach convergence in the iterations of Newton,

. R,¢|Au¢Au((p) is the total variation of R , without taking account of the dependence from
report with .

The problem lies now in the computation of R,¢|AM¢AM<¢) .
Note:
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) N OR(w,, 1) o
In [éq 4.1.2.2 - 2], one used the fact that Ki :T” whereas in [éq 4.1.1-3] one
u
N OR(u,,t)
defined it par. K; :T There is well equivalence of these two definitions insofar
u;
as u; =u,; +Au and that R depends indeed on Au (and as well sure of 6,_, and
Pi—1 )

Note:
If one derives compared to D directly [éq  4.1.1-3], one finds

n+l
K" = & +BA, D =R, puzan, 0K o " . What is the same thing with

ou _
convergence and reveals that the error on —— depends on K lK,qj .

od

4.1.2.3 Computation of derivative of the constitutive law

Dans the continuation, by preoccupation with a clearness, we will give up the indices i—1
According to [éq 4.1.1-2], one can rewrite R,¢|Au¢Au(¢) in the form:

R,¢|Auidu(¢)=fg(6,qj-l-Ao,q,lAu;ﬁAu((p)):s(wk)d.Q éq4.1.2.3-1

One thus owes compute 46, suzsu(@) - With this intention, we will use the statements which
intervene in the numerical integration of the constitutive law.

4.1.2.4 Case of linear elasticity

Dans the frame of linear elasticity, the constitutive law is expressed by:

A6=2pn.&(4u)
Tr(40)=3K.Tr(e(4u))

or:

Ae=2u.8(4u)+K.Tr(e(4du)).Id

éq94.1.24 -1
where Id is the tensor identity of order 2.
Then, by computing the total variation of [¢q 4.1.2.4 - 1] compared to @ . one obtains:
A6,5=2U,4.8(4u)+K,,. Tr(e(4u)). Id+2un.€(4u, )+ K . Tr(e(4du,,)). Id éq
41.24-2
Soit:
46,4l jursu(@)=20 - E(40)+K ;. Tr(e(4u)).1d éq
41.24-3

4.1.2.5 Cas of the elastoplasticity of the Drucker-Prager type

the constitutive law of the Drucker-Prager type is written:
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Yy
E &(Au)-S:o = Empg&
2 (6 +Ao),, éq

Ho +A6),, + ATr (o + Ao)

IN

R(p +4p)
41.25-1

where S is the tensor of the elastic flexibilities and R is the plasticity criterion defined by:
in the case of a linear hardening:

R(p)=h-p+c” pour 0<p=<p, .
R(p):h'pultm pour pzpultm

in the case of a parabolic hardening:

0-1}1}1tm P 2
R(p)=0"-(1-(1-4/——)-=—)" pour 0<p=<p .
o’ Puitm

R<p):0-1fltm pour pzpultm

In numerical terms, this constitutive law is integrated using an algorithm of radial return: one makes an
elastic prediction (noted ¢’ ) which one corrects if the threshold is violated. One thus writes:

0oas = 2UE(Du) — 3;1947” &
Fre) = 3K (Tr(e(Du)) —9K TH (A éq
E Ly = solutiondeo?, —(3u+9K [H>) Dy + A[Tr(0°) —R(p~ +Lp) =0

41.25-2

Nous let us distinguish two cases.
1stcase : Ap=0

What amounts saying that at the time of these pitch of load, the point of Gauss considered did not see
an increase in its plasticization. One finds oneself then in the case of linear elasticity:

do

vl gursu(@) =20, g-E(AW)+K . Tr(g(4u)). 1d 6q4.1.2.5-3

2nd cases : Ap>0
Taking into account the dependences between variables in [éq 4.1.2.5 - 1], one can write:

O 0Ac OAc 0A\c

I LGt

0 6q 4.1.2.5 -4
N, = aﬁﬁLaﬁE’qﬁL@ ’¢+OAE(AH)’¢‘

H 0P OJo op Og(Au)

En outre, in agreement with the algorithmic integration of the model, we will separate parts deviatoric
and hydrostatic.
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U _ 0Ac 1 Tr(Ao)
EA% e R T
c Tr(A
0 ¥ —aaA" ms,q,%gaig( ) N4,
c c
[ AG 1 0Tr(A éq4.1.25-5
0 + a_s[p’qj+_dar(76)|:[d[p’¢
O op 3 0p
O 0Ap dAp 0Ap
= — 4+ +
And thus, one computes:
odc
oD
0BG _ O 3 pyy - M AP e _ 3y p0® ey gup 99 e g2 O
v 00 v o, a,, o, o, 0¥
0Tr(46) 93K 09K 0A o4p
= -Ti A ——— A Ap—9K-—-4p—9K- A4-
oo ap EAW)=Tg K G KA
ode
oo
0Ap
~ ao.e‘
98 _ 3u399 0§ +3umA—f’2MDa@ —3uDAlD
do a., o¢° Oo a.,

eq

where J is the operator deviatoric defined by: J:6=¢

0Tr(do) 0Ap
06 06
0do
op
NS __3u Oby .
Op o, Op
aTr(AG) —98{@\@
Op
ap .

The fact is used that: (¢ +Ac),, =(c +A0),, —3u [l
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1 . 3
fpo =3, Wo+Lo), , ~(c+L0),, — o 2P
Note:
In these computations were or must be used the following results:
o214 ~ ~
e 9o¢ (.- E(Aw)): (6 +2pE(Au))
do :62u[§(Au) g _3 50D
ob odb odb 2 o'zq
Tensor of order 2 Tensor
€ ~e
9 _3 8° e
Jo 2 o'gq =J
Oo
Scalar of order 2 Tensor of order 4
oTr(o°) — 14 oTr(o*) =63K (T (s(20))
Jo odb odb
Tensor of order 2 Scalar

4.1.2.6

41.2.7

One also owes compute the derivatives partial of the increment of plastic strain cumulated compared to
the parameters materials, with the stresses and with the cumulated plastic strain (cf Annexe)

That-here are obtained by deriving the equation solved for compute the increment from plastic strain
cumulated during direct computation.

Computation of derivative of computed

Une fois 46,, Asuz4u(e) displacement, one can constitute the second member R,¢|Au¢du(¢)

while using [éq 4.1.2.3 - 1]. One then solves the system [éq 4.1.2.2 - 2] and one obtains the derived
displacement increment compared to @ .

Computation of derivative of the other Maintenant

quantities which one lays out of 4u ,p »0ne owes compute the derivative of the other quantities. One
separates two more cases:

Linear elasticity
D' aprés [éq 4.1.2.5 - 1], one as follows computes derivative of the increment of stress:

@)4_2“'E(Au,q))—I-K.Tr(E(AU,(p))-Id

AG@ZZ’G@MH;&A“

The increment of cumulated plastic strain, as for him, does not see evolution:
4p, =0

Elastoplasticity of the Drucker-Prager type

If &p =0 | the preceding case is found.

If not, one obtains according to [éq 4.1.2.5 - 2]:

odc

(@)+m[£(ﬂu,¢)

AG’(I§:AG’¢|Au¢Au

And for the cumulated plastic strain, one uses the following relation:

(6 +40),, =(c +L0),, —3uldy
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The aforementioned enables us to write that:

_O3u

B0 =3 o +00);, , ~(0+D0),, , ~ 32 (Bp)

The significant equivalent stresses are computed as follows:

. 3 - 02u ~
+Ao), =—— +——[E(Au) +2u [E(AN 2(6 +2uE(N
(o +A4o),, 2o+ Do), oo +— 5 B (Aw) +2uTE(Au o)) : (6 +2u [Z(Aw))
3 ~ ~ ~ ~
+ = i + : +
(6+00)., 0 =377 » [06 o, +46 ) : (6 +15)

Once all these computations are finished, all the derived quantities are reactualized and one passes to
the pitch of load according to.

4.1.2.8 Pour

synthesis to summarize the preceding paragraphs, one represents the various stages of computation
by the following diagram:

Convergence of the pitch .
of load of direct Computation of the

. Assembly terms of
computation
P ) c : Résolution of the system
assage au no omputation o ; -
of Sensibilité and [6q4.1.2.2-2]

4.2 load to the loading

the step is here rather close to that of the preceding paragraph. We develop it nevertheless entirely in a
preoccupation with a clearness, so that this paragraph can be read independently.

4.2.1 The direct problem: statement of the Jusqu'a

loading now we expressed the direct problem in the form:

R(u;,7;)+B'A;
Bu;

1

L

u;

i

éq4.2.1-1
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Les loadings are gathered with the second member and understand the imposed forces Li and
imposed displacements u? .

Let us suppose that the loading in imposed force L; depends on a scalar parameter O in the
following way:

L (a)=L'+L}(a) éq
4.2.1-2
Ou
. L; is a vector independent of ¢ ,

. Li2 depends linearly on a .

One wishes compute the sensitivity of the results of direct computation to a variation of the parameter
a

4.2.2 The problem derived
4.2.2.1 Derivative from the Comme

equilibrium in the preceding chapter, by taking account of the dependences between the various fields,
one derives the equilibrium [éq 4.2.1-1] by report ¢

[PR = OR JOR JR
B + mu’a-'_ Eri—l’(}( @i—l?a +Bt;\'i’u = Lzz(l)
[0a  0Au Jo _, op._, éq4.2.2.1 -1
H BAu,,, = -Bu_,
One used the fact that Li2 depends linearly on o .
That is to say:

N t — 2 _
%(i Auaa+B ;“i’a - Li(l) Raa Puzbu(a)
H BAu, = _B“.—l,a

€q4.221-2

Ou

. K?J is the last tangent matrix used to reach convergence in the iterations of Newton,

*R,, Au=tu(q) 1S the total variation of R, without taking account of the dependence from Au

report with ¢ .

The problem lies like previously in the computation of R, , Auzdu(a) -

4.2.2.2 Computation of derivative of the constitutive law

D' aprés [éq 4.1.1-2], one can rewrite R,, du#4u(a) in the form:
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R, wesuar=J o 6,0+ 46, | usua)) E(W,)dQ 69 4.2.2.2 -1

With this intention, we will use the statements which intervene in the numerical integration of the
constitutive law for compute 46 ra

Adu#du(a) -
4.2.2.3 Case of linear elasticity

Dans the frame of linear elasticity, the constitutive law is expressed by:

Ac=2pn.&(4u)+K.Tr(e(4u)).1d

€q4.223 -1
where Id is the tensor identity of order 2.
Then, by computing the total variation of [éq 4.2.2.3 - 1] compared to « . one obtains:
do, =2, e(du)+K, Tr(e(du)). Id+2un.2(4u,, )+K . Tr(e(4du,,)). 1d 4223 .2
~0. +0. +2u.8(du, )+ K . Tr(e(du,,)).1d eq&eLo-
Soit:
Ac’a Au;éAu(a):O'

4.2.2.4 Case of the elastoplasticity of the type Drucker-Prager

Comme previously, we will distinguish two cases.

1st case : Ly =0
What amounts saying that at the time of these pitch of load, the point of Gauss considered did not see
an increase in its plasticization. One finds oneself then in the case of linear elasticity:

do

Au;ﬁAu(a)ZO'

‘o

2nd case : Ap>0
Taking into account the dependences between variables, one can write:

0Ado  04doc 0o o¥ily
/A , = + o, +——p, +————¢ A ,
_ 04dp d4p odp. odp
Apra = da T 8g Tt op p’“+66(du) e(du),,

Moreover, in agreement with the algorithmic integration of the model, we will separate parts deviatoric
and hydrostatic.
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40, ) e suta) = 86Aa& %'%'Id
+ aa"fﬁ,ﬁ%%'ld.a,a
+ aaApU-p,a %'—a Tg(ﬁa)'ld'p’a
AP ol s mua) = %“L%’ nﬁ%‘ﬁm

And thus, one computes:

odo
oa

Insofar as there is not explicit dependence from A ¢ report with o , one obtains:

046
=0.
oo
8Tr(Ac):0'
oo
odo
06
04p
~ a e
81102_3“' 0o ®&e+3u-d—p-—0€q ®&°—3p- ap
do ot 2 Oo ot
eq o‘eq eq
where J is the operator deviatoric.
0Tr(4do) 0A4p
—=—9K -4 —
oo oo
odo
ap
046 _ 3u 04p ..
—T e 5,0
dp o, Op
aTr(AU):_g‘K.A_GAp
op op
4p,,

The factis used that: (o +40),,=(0+4d0),,—3pn-Ap
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1 ¢ o03u
Ap =—-((o+4do) “—(o+do ——A
p =3y (o do) =0+ 40), —Lap)

One will refer again to the remark at the end of [§ 4.1.2.5] for the quantities whose computation was not
here detailed.

4.2.2.5 Computation of derivative of computed

Une fois 46, AurAu(q) displacement, one can constitute the second member R,, Au#Aulq) - ON€
then solves the system [éq 4.2.2.1 - 1] and one obtains the derived displacement increment compared
to o .

4.2.2.6 Computation of derivative of the other Maintenant

quantities which one lays out of 4u
separates two more cases:

one owes compute the derivative of the other quantities. One

’a ’

Linear elasticity

D' aprés [éq 4.2.2.3 - 1], one as follows computes derivative of the increment of stress:
406, =0.+2n.8(4u, )+K .Tr(g(4u, )). Id

The increment of cumulated plastic strain, as for him, does not see evolution:

4p,,=0

Elastoplasticity of the type Drucker Prager
If Ap=0 , the preceding case is found.
If not, one obtains:
0do

AO_’(L:AO’(Z Au+# Au( o) 68<Au)6(du’a)
And for the cumulated plastic strain:
_ 1 e,a 83u
Ap’a—i-(( +Aa)eq _(0+A0)“1,a_—8a Ap)

Once all these computations are finished, all the derived quantities are reactualized and one passes to
the pitch of load according to.

4.2.2.7 Pour

synthesis to summarize the preceding paragraphs, one represents the various stages of computation
by the following diagram:

terms of the pitch of load Computation of the Assembly of
n of direct computaton ————— Convergence e R,a Suztdu(a)
4 O.ulauzdula)
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Résolution of the system
[éq 4.2.21 - 1]
=4u,,
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Fonctionnalités and checking

SENSM12 [V1.01.190] Plates under pressure in plane strains (plasticity of
DRUCK_PRAGER)
SENSM13 [V1.01.192] triaxial Essai with the model of the type 3D
SENSM14 [V1.01.193] Cavité 2D sensitivity analysis (Model DRUCK PRAGER)
6 Bibliographie

the constitutive law can be defined by key words DRUCK_PRAG and DRUCK PRAG N A for the non-
aligned version (command STAT NON LINE, key word factor COMP INCR). They are associated with
materials DRUCK_PRAG and DRUCK_PRAG _FO (command DEFI_ MATERIAU).

Model HOEK_BROWN is checked by the cases following tests:

SSND104 [V6.08.104] Validation of behavior DRUCK_PRAG N _A

SSNP124 [V6.03.124] biaxial Essai drained with a behavior DRUCK_PRAGER softening

non-existent SSNP125 Validation of option INDL. ELGA for behavior DRUCK PRAGER
Documentation

SSNV168 [V6.04.168] triaxial Essai drained with a behavior DRUCK PRAGER softening

WTNA101 [V7.33.101] triaxial Essai not-drained with a behavior DRUCK PRAGER

softening
WTNP114 [V7.32.114] Cas test of reference for the computation of the mechanical

strains

Les tests according to specifically check the sensitivity analysis with the parameters of the model:

« BENALLAL A. and COMI C.: The role of deviatoric and volumetric non-associativities in strain
localization (1993).

* CANO V: Instabilities and fracture in the solids élasto-visco-plastics (1996).

* RICE JR and RUDNICKI JW: A notes one adds features of the theory of localization of strain (1980).

* RICE JR: The localization of plastic strains, in Theoretical and Applied Mechanics (1976).

* HILL R: A general theory of uniqueness and stability in elastic-plastic solids (1958).

* ORTIZ M: Year analytical study of the localized concrete failure of modes (1987).

* DOGHRI I: Study of the localization of the damage (1989).

« TARDIEU N: Sensitivity analysis in mechanics, Documentation of reference of Code_Aster
[R4.03.03].
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Annexe 1 Computation of derivatives partial of 2»

A1.1 Computation of derivative partial of the increment of plastic
strain in the case of a linear hardening

R(p)=hlp+o” for 0=sp<p,,

e e - Y
ol +ATr(c*)—hip -0

= OK [A> +3u+h
thus:
oo ¢ 4
oy _ 21 2 a_Am( Y +A Tr(c)_a_hljp__aa
0P 9KA°+3u+h 0P 0P oP odb odb
—Apm9£—D\2+18U(D4£—+a3'u 9h )
ob 0P P
aAU _ 1 |:?T7’(G L(]
= : )
Jo 3u+9K[A +h
aﬂ:—h[} 1
dp 3u+9K [A* +h
R(p) :h |gyultm +O-y for p >pu1tm
A]? O- +AUF(G ) hg?ultm
9K A’ +3u
thus:
oo; e 5
B o Lg% Ry ald) Oy g 0O
0P I9K[A +3u 0P 0P ood ood od od
rp o 2K A sk R + B34,
oP oPb 0P
€y 00,
GAp: 1 2(AD@TV((S)_|_ )
O 3u+9K[A Jdo Jdo
@:0
dp
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A1.2 Calcul of derivative partial of the increment of plastic strain in

the case of a parabolic hardening

0-}'
R(p)=0" Q-1 =) 3Ly for 0= p <p,,
g

ultm

do,, ¢
b} (63” on? 9K 18k A2 A —(Bu+9K A )aAp A 1oy +a 0TI
0P 0P 0P od o 0P
aa-y utm +
(=1 ) 22
pultm
_20-}).(1_(1_ ultm) p +AIU)
a pultm
y
(ao-uyltm p_ +A19 _ ao-y p_ +Ap O—zfltm pultm (1 ultm ) p +Ap aAIJ O—y )
a(D '2pultm‘ ult 0—«" acb .2pultm 'O-y 0- pultm2 acD p"/tm
=0
1_ auyltm
0o’ ¢ +
9 _aurox n)y 2 4 470D Logr -q- “’"")D" &y EﬁAp 0
Y ac 60 pultm pultm
y
_ ultm
+ y
‘(3,u+9KD3\2) Ap_l_zo-yl:ﬂ_(l_ ultm)p Ap)[! g ml_l_aAp):O
ap p ultm p ultm ap
R(p) _O-:ltm p >pu1tm
a e
Ly _ 1 2 T _ Du DK 1 +18KG‘LD4)mp+ A o )+AL¢Tr(c ) 9,
0P 3u+9KA’ 0P oD oD oD oD
oLy _ 1 ( Ty +AD¢Tr(6 )
06 3u+9K[A’> OJo do
@ :O
op
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A1.3 Cas of projection at the top of the cone

the principle of the analytical resolution consists in determining the effective stresses like the projection
of the elastic stresses on the criterion.

It may be that there is no solution.

€

o
If the condition Ap < 3—"’ is not observed, it is necessary to find the effective stresses by projection at
U

o
the top of the cone Ap = —*.

3u
In this case, one obtains:
oLy _Lmaaj,, _ 3u
od 3u odb &y GCD)
oy _ 1 99,
Oc 3u Ooc
@:O
op
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